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Abstract. Regular general connections of conformal type provided for space-
times are investigated. Using the Hessian-type tensors of time function, certain
isometric decomposition theorems of space-times can be obtained. The null
geodesics concerning the general connection of conformal type are de¯ned and
a criterion for its incompleteness is researched.
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x0. Introduction
The concept of general connections was introduced by Tominoske Otsuki [14]
and the fundamental theories on general connections were constructed in
[15],[16],[19]. Recently the general connection is also called the Otsuki connec-
tion outside of Japan. It seems to be remarkable that the theories of general
connections were applied to the geometrical investigations of space-times by
H.Nagayama [10],[11] and T.Otsuki [17], [18],[20],[21]. On the other hand,
N.Abe [1],[2],[3] developed the theory of general connections on arbitrary vec-
tor bundles, in particular, H.Nemoto [12] discussed a di®erential geometry of
submanifolds using the induced general connections on tangent subbundles.
In the paper, we investigate space-times provided with certain kind of gen-
eral connections and de¯ne the Hessian-type tensors of time function with
respect to such general connections.
This paper is organized as follows:In Sect.1, the pseudo-Riemannian twisted
products are equipped with torsion-free, metrical, regular general connections
and the induced general connections on the factor manifolds are researched. In
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Sect.2, the quasi-Hessian tensor of a function relative to a torsion-free general
connection is de¯ned by using the notion of tangent bundle of order 2. And
also the regular general connection of conformal type is de¯ned. In Sect.3,
the regular general connection of conformal type is given to a simply con-
nected space-time admitting a time function such that every timelike geodesic
is complete. On such a space-time, a certain foliated structure is assumed,
which concerns with the level hypersurfaces of time function and the princi-
pal endomorphism of given general connection. By supposing that a certain
Hessian-type tensor of time function is symmetric and a scalar multiple of
Lorentzian metric, a globally-isometric decomposition theorem is established.
In Sect.4, the null geodesic is de¯ned in the sense of the regular general con-
nection of conformal type and a criterion for its geodesic incompleteness can
be obtained in the space-time decomposed as a certain Lorentzian warped
product. As an application, the isometric decomposition theorem obtained in
Sect.3 is applied to the space-time given a regular general connection of scalar
type.
In case of de¯ning the Hessian-type tensors, we require the notion of the
tangent bundle of order 2 appeared in [14], for the reason, we shall review the
de¯nition of a general connection due to T.Otsuki.
The following exposition of general connections is owing to Otsuki's papers
[15],[19]:
Let N be an n-dimensional di®erentiable manifold. Throughout the paper,
we use the Einstein convention for summation. Now we choose any di®erent
coordinate neighborhood (U; ui) and (V; vj) covering a point p of N . Then
we assign for the point p an (n + n2)-dimensional vector space spanned by
the tensor products dui ­ duj and the di®erentials d2ui of order 2, which are
related with the ones of (V; vi) as follows:
d2vj =
@vj
@ui
d2ui +
@2vj
@ui@uk
dui ­ duk:
Now we call this vector space the cotangent space of order 2 at p, denoting
hy D2pN . Collecting D
2
pN for every p of N , we get the cotangent vector bundle
of order 2 over N , which is denoted by D2N . The dual vector bundle of D2N
is called the tangent bundle of order 2 over N and denoted by T 2N . A smooth
cross-section ¡ of the vector bundle TN ­D2N over N is said to be a general
connection on N , which is represented in local coordinates ui as follows:
@
@ui
­ (P ijd2uj + ¡ijkduj ­ duk);
where P ij , ¡
i
jk are called the components of ¡ in (U; u
i). If P 0ij , ¡0 ijk are the
REGULAR GENERAL CONNECTIONS 37
components of ¡ in (V; vi), then we have the following relations:
(0:1) P 0ij =
@vi
@uk
P kh
@uh
@vj
;
and
(0:2) ¡0ijk =
@vi
@uh
(P hr
@2ur
@vj@vk
+ ¡hrs
@ur
@vj
@us
@vk
):
Thus P ij are the components of a tensor of type (1; 1 ), which we denote by
P . P is called the principal endomorphism of ¡.
(0:3) rXY := (Xi@Y
j
@ui
P kj +X
iY j¡kij)
@
@uk
;
where X = Xi@=@ui, Y = Y i@=@ui and the right hand side of (0.3) is inde-
pendent of the choice of coordinate system, since the formula (0.1) and (0.2)
hold. Then we have the following rules:
(0:4) rfX+Y Z = frXZ +rY Z;
(0:5) rX(fY + Z) = (Xf)PY + frXY +rXZ:
In the paper, we denote by ¡ = (P;r) a general connection such that P
is the principal endomorphism of ¡ and r is the covariant derivative with
respect to ¡. A general connection ¡ = (P;r) is said to be torsion-free if for
all tangent vector ¯elds X, Y on N ,
(0:6) P [X;Y ] = rXY ¡rYX:
If det(P ij (p)) 6= 0 at every point p of N , then ¡ = (P;r) is said to be regular.
Suppose (N; g) is a pseudo-Riemannian manifold and ¡ = (P;r) a general
connection on N . Then we say that ¡ is metrical with respect to g if
(0:7) Zg(PX;PY ) = g(rZX;PY ) + g(PX;rZY )
for all tangent vector ¯elds X, Y and Z on N .
Throughout the paper, we use the following notation: TN , the tangent
bundle over N ; V N , the vector space of smooth cross sections of TN ; T 2N ,
the tangent bund1e of order 2 over N ; V 2N , the vector space of smooth cross
sections of T 2N ; FN , the vector space of smooth functions on N ; D', the
di®erential map of a smooth map '.
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x1. Induced general connections
Let (L; g) and (H;h) be a pseudo-Riemannian manifold and a Riemannian
manifold, respectively. Let Ã be a positive-valued smooth function on the
product manifold L£H.
De¯nition 1.1. We de¯ne the pseudo-Riemannian twisted product M =
L £Ã H as follows: M is the product manifold equipped with the pseudo-
Riemannian metric ~g de¯ned for v, w 2 TpM by
~gp(v; w) := g¼(p)((D¼)pv; (D¼)pw) + Ã(p)h´(p)((D´)pv; (D´)pw);
where ¼:M ! L and ´:M ! H denote the projection maps.
De¯nition 1.2. TL (resp., TH) is said to be P -invariant if (D´)X = 0
implies (D´)PX = 0 (resp., (D¼)X = 0 implies (D¼)PX = 0) for X 2 VM .
Theorem 1.3. If we give a general connection ¡ = (P;r) to the twisted
product M = L £Ã H of (L; g) and (H;h), then there exist general connec-
tions ¡1 = (P 1;r1) and ¡2 = (P 2;r2) induced on ¼¡1(TL) and ´¡1(TH),
respectively. Furthermore the following (a), (b) and (c) are valid:
(a) If ¡ is torsion-free, then ¡1 and ¡2 are torsion-free.
(b) Suppose that ¡ is metrical with respect to ~g. Then
(b1) ¡1 is metrical with respect to g, if TL is P -invariant.
(b2) ¡2 is metrical with respect to h, if TH is P -invariant and Ã depends
only on L.
(c) Suppose that ¡ is regular. If TL and TH are P -invariant, then ¡1 and ¡2
are regular.
Proof. Let X;Y 2 V (¼¡1(TL)). For a general connection (P;r) on
M = L £Ã H, we de¯ne the maps r1:V (¼¡1(TL)) £ V (¼¡1(TL)) !
V (¼¡1(TL)) (resp., r2:V (´¡1(TH)) £ V (´¡1(TH)) ! V (´¡1(TH)) and
P 1:V (¼¡1(TL))! V (¼¡1(TL)) (resp., P 2:V (´¡1(TH))! V (´¡1(TH))) by
r1XY := (D¼)rXY and P 1X := (D¼)PX
(resp., r2UW := (D´)rUW and P 2U := (D´)PU for U;W 2 V (´¡1(TH))),
where we are identifying X and U with (X; 0) 2 V (L £ H) and (0; U) 2
V (L£H), respectively. Then we have for f 2 FL and Z 2 V (¼¡1(TL)),
r1fX+Y Z = (D¼)(rfX+Y Z)
= (D¼)(frXZ) + (D¼)(rY Z) = fr1XZ +r1Y Z:
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Similarly we have
r1X(Y + Z) = r1XY +r1XZ:
Also we obtain
r1X(fY ) = (D¼)rX(fY ) = (D¼)((Xf)PY + frXY )
= (Xf)P 1Y + fr1XY:
Consequently, (P 1;r1) de¯nes a general connection ¡1 on ¼¡1(TL) such that
its principal endomorphism is P 1. Similarly we obtain the induced general
connection ¡2 = (P 2;r2) on ´¡1(TH). Let ¡ be torsion-free and X, Y 2
V (¼¡1(TL)). Then we have
r1XY ¡r1YX = (D¼)(rXY ¡rYX)
= (D¼)(P [X;Y ]) = P 1[X;Y ];
which implies ¡1 is torsion-free. Similarly we see ¡2 is torsion-free.
Let ¡ be metrical with respect to ~g and letX, Y , Z 2 V (¼¡1(TL)) and U; V;
W 2 V (´¡1(TH)). From the direct computations, we obtain the following
Zg(P 1X;P 1Y )(1.1)
= g(r1ZX;P 1Y ) + g(P 1X;r1ZY ) + Ãh((D´)rzX; (D´)PY )
+ Ãh((D´)PX; (D´)rZY )¡ Z(Ãh(D´)PX; (D´)PY ));
and
Wh(P 2U;P 2V )(1.2)
= h(r2WU;P 2V ) + h(P 2U;r2wV )¡ Ã¡1Wg((D¼)PU; (D¼)PV )
+ Ã¡1g((D¼)rWU; (D¼)PV ) + Ã¡1g((D¼)PU; (D¼)rWV )
¡ Ã¡2(WÃ)f~g(PU;PV )¡ g((D¼)PU; (D¼)PV )g:
If TL be P -invariant, then the formula (1:1) implies
Zg(P 1X;P 1Y ) = g(r1ZX;P 1Y ) + g(P 1X;r1ZY );
that is, ¡1 is metrical with respect to g. If TH is P -invariant and Ã depends
only on L, then from the formula (1:2), we have
Wh(P 2U;P 2V ) = h(r2WU;P 2V ) + h(P 2U;r2WV );
that is, ¡2 is metrical with respect to h. Thus we have (b1) and (b2).
Let x 2 M and detP (x) the determinant of linear transformation P (x) =
(P ij (x)) on TxM induced by the principal endomorphism P of ¡. Then since
TL and TH are P -invariant, we have for every point x of M
detP (x) = (detP 1(x))(detP 2(x));
where P 1(x) (resp., P 2(x)) denotes the linear transformation induced by the
principal endomorphism of ¡1 (resp., ¡2). Thus we obtain (c). 2
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De¯nition 1.4. ¡1 = (P 1;r1) and ¡2 = (P 2;r2) are called the induced
general connections on ¼¡1(TL) and ´¡1(TH), respectively.
De¯nition 1.5. A pseudo-Riemannian twisted productM = L£ÃH is said
to be a pseudo-Riemannian warped product if Ã depends only on L, and Ã
is called a warping function. In particular we say M a Lorentzian warped
product if (L; g) is a Lorentzian manifold.
In the following theorem, we lead an explicit formula with respect to the
induced connections de¯ned in Theorem 1.3.
Theorem 1.6. Let M = L£Ã H be a pseudo-Riemannian warped product
(L £H; ~g) given a regular general connection ¡ = (P;r) that is torsion-free
and metrical with respect to ~g. Let ¡1 = (P 1;r1) and ¡2 = (P 2;r2) be
the induced general connections on ¼¡1(TL) and ´¡1(TH), respectively. If
TL and TH are P -invariant, moreover, P is symmetric with respect to ~g, i.e.
~g(PX; Y ) = ~g(X;PY ) for any X;Y 2 VM , then the following formula holds.
rXY = r1X1Y 1 +r2X2Y 2 +
1
2
fX1(logÃ)PY 2 + Y 1(logÃ)PX2
¡ ~g(PX2; PY 2)Q(grad(logÃ))g;
where Q denotes the inverse endomorphism of P and X1 (resp., X2) denotes
(D¼)X (resp., (D´)X ), respectively.
Proof. Let X, Y , Z 2 VM . Throughout the proof, we shall identify
(D¼)X 2 V (¼¡1(TL)) with ((D¼)X; 0) 2 VM . Since ¡ is torsion-free and
metrical with respect to ~g, we have
2~g(rXY; PZ)(1.3)
= X~g(PY; PZ) + Y ~g(PZ;PX)¡ Z~g(PX;PY )
+ ~g(P [Z;X]; PY ) + ~g(P [X;Y ]; PZ)¡ ~g(P [Y;Z]; PX):
(1:4) (D¼)(PX) = (D¼)(PX1) = P 1X1;
(D´)(PX) = (D´)(PX2) = P 2X2:
The identi¯cations such as (1:4) are everywhere used in the proof. Similarly
as (1:3), using Theorem 1.3, we have
2fg(r1X1Y 1; P 1Z1) + Ãh(r2X2Y 2; P 2Z2)g(1.5)
= X1g(P 1Y 1; P 1Z1) + Y 1g(P 1Z1; P 1X1)¡ Z1g(P 1X1; P 1Y 1)
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+ ÃfX2h(P 2Y 2; P 2Z2) + Y 2h(P 2Z2; P 2X2)
¡ Z2h(P 2X2; P 2Y 2)g
+ g(P 1[Z1; X1]; P 1Y 1) + g(P 1[X1; Y 1]; P 1Z1)
¡ g(P 1[Y 1; Z1]; P 1X1)
+ Ãfh(P 2[Z2; X2]; P 2Y 2) + h(P 2[X2; Y 2]; P 2Z2)
¡ h(P 2[Y 2; Z2]; P 2X2)g:
Since Ã depends only on L, we see
X1g(P 1Y 1; P 1Z1) + ÃX2h(P 2Y 2; P 2Z2)(1.6)
= Xfg(P 1Y 1; P 1Z1) + Ãh(P 2Y 2; P 2Z2)g ¡ (X1Ã)h(P 2Y 2; P 2Z2)
= X~g(PY; PZ)¡ (X1Ã)h(P 2Y 2; P 2Z2):
Using (1:3), (1:5), (1:6) and the P -invariance of TL and TH, we have
2fg(r1X1Y 1; P 1Z1) + Ãh(r2X2Y 2; P 2Z2)g
= X~g(PY; PZ) + Y ~g(PZ;PX)¡ Z~g(PX;PY ) + ~g(P [Z;X]; PY )
+ ~g(P [X;Y ]; PZ)¡ ~g(P [Y;Z]; PX)¡ (X1Ã)h(P 2Y 2; P 2Z2)
¡ (Y 1Ã)h(P 2Z2; P 2X2) + (Z1Ã)h(P 2X2; P 2Y 2)
= 2~g(rXY; PZ)¡ (X1Ã)h(P 2Y 2; P 2Z2)¡ (Y 1Ã)h(P 2Z2; P 2X2)
+ (Z1Ã)h(P 2X2; P 2Y 2):
Consequently, we obtain
2fg(r1X1Y 1; P 1Z1) + Ãh(r2X2Y 2; P 2Z2)g
= 2~g(rXY; PZ)¡ (X1(logÃ))~g(P 2Y 2; P 2Z2)
¡ (Y 1(logÃ))~g(P 2Z2; P 2X2) + (Z1(logÃ))~g(P 2X2; P 2Y 2):
Thus, from the identi¯cations such as (1:4 ) and PX1 = P 1X1, we have
2~g(rXY ¡r1X1Y 1 ¡r2X2Y 2; PZ)
= (X1(logÃ))~g(P 2Y 2; PZ) + (Y 1(logÃ))~g(P 2X2; PZ)
¡ ~g(PX2; PY 2)~g(grad(logÃ); Z);
from which, we see easily
2~g(rXY ¡r1X1Y 1 ¡r2X2Y 2; Z)(1.7)
= (X1(logÃ))~g(P 2Y 2; Z) + (Y 1(logÃ))~g(P 2X2; Z)
¡ ~g(PX2; PY 2)~g(grad(logÃ); QZ):
Since Q is symmetric with respect to ~g, (1:7) leads to the formula of Theo-
rem 1.6. 2
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Remark 1.7. N.Abe [2] has developed a standard theory of induced general
connections on vector subbundles.
x2. Regular general connections of conformal type
Let N be a di®erential manifold. We denote by T 2N and V 2N the tangent
bundle of order 2 over N and the space of its smooth cross-sections, respec-
tively. First we shall de¯ne the Hessian-type tensor of a function relative to a
torsion-free general connection of N .
De¯nition 2.1. A bilinear map E:V N­V N ! V 2N is said to be left-sided
F -linear if E(fX; Y ) = fE(X;Y ) for every X, Y 2 V N and every f 2 FN .
Let ¡ = (P;r) be a torsion-free general connection of N . We say a left-sided
F -linear map E is associated with ¡ if E(X; fY ) = fE(X;Y ) + (Xf)PY for
every X, Y 2 V N and every f 2 FN .
De¯nition 2.2. Let ¡ = (P;r) be a torsion-free general connection of N
and E:V N ­V N ! V 2N a left-sided F -linear map associated with ¡. Then,
for º 2 FN , we can de¯ne the tensor ¯eld Hº on N of type (0; 2) as follows:
Hº(X;Y ) := E(X;Y )º ¡ (rXY )º
for every X, Y 2 V N . We say Hº the quasi-Hessian tensor ¯eld with respect
to ¡ of º.
Note. In the de¯nition above, Hº is not always symmetric as a tensor of type
(0; 2). In fact, Hº(X;Y ) = Hº(Y;X) if and only if E(X;Y )º ¡ E(Y;X)º =
(P [X;Y ])º:
Now we shall give the examples of quasi-Hessian tensor ¯elds with respect
to torsion-free general connections:
Examples 2.3. Let X, Y 2 V N and º 2 FN . (a) Let D be a torsion-
free linear connection of N , which we regard as a special one of torsion-free
general connections. Since it is easy to verify that the left-sided F -linear map
E1: (X;Y ) ! XY 2 V 2N is associated with D, we can see that the quasi-
Hessian tensor hº of º relative to D can be de¯ned as follows:
hº(X;Y ) := E1(X;Y )º ¡ (DXY )º:
Then hº is consistent with the (usual) Hessian tensor of º.
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(b) Let ¸ 2 FN be positive-valued and ¡¸ = (P;r) a torsion-free, regular
general connection of N such that P = ¸I, where I denotes the identity
endomorphism of TN . Then the left-sided F -linear map E¸:V N­V N ! V 2N
de¯ned by (X;Y )! ¸XY is associated with ¡¸. Hence we can give the quasi-
Hessian tensor H¸º of º by
H¸º (X;Y ) := E¸(X;Y )º ¡ (rXY )º = ¸X(Y º)¡ (rXY )º;
which is symmetric, since ¡¸ is torsion-free.
Next we shall de¯ne regular general connections of conformal type and the
associated quasi-Hessian tensors of a function. Throughout the paragraph
below, (M; g) denotes a pseudo-Riemannian manifold.
De¯nition 2.4. Let R be a regular tensor ¯eld of type (1; 1) on (M; g). We
say R is !-conformal if g(RX;RY ) = !g(X;Y ) for some positive function
! 2 FM and for every X, Y 2 VM .
On the other hand, the following is due to T.Otsuki:
Proposition 2.5. Let R and g be a regular tensor ¯eld type (1; 1) and a
nondegenerate symmetric tensor ¯eld of type (0; 2) on a di®erential manifold,
respectively. Then there exists a uniquely determined general connection ¡
satisfying the following:
(a) The principal endomorphism of ¡ is R,
(b) ¡ is torsion-free,
and (c) ¡ is metrical with respect to g.
According to the above proposition, we can state the following:
De¯nition 2.6. Let R be an !-conformal regular tensor ¯eld of type (1; 1)
on (M; g) and let ¡(!) = (R;r) a uniquely determined general connection of
(M; g) such that
(a) The principal endomorphism of ¡(!) is R,
(b) ¡(!) is torsion-free,
and (c) ¡(!) is metrical with respect to g.
Then ¡(!) is said to be an !-conformal genenal connection of (M; g).
Proposition 2.7. Let ¡(!) = (R;r) be an !-conformal general connection
of (M; g) and º 2 FM . The bilinear map E!:VM ­ VM ! V 2M de¯ned by
E!(X;Y )º = X((RY )º)¡ (X(logp!))(RY )º
is a left-sided F -linear map associated with ¡(!).
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Proof. Let X, Y 2 VM and f; h 2 FM . Noticing that
(X(f(RY )))h = (Xf)((RY )h) + fX((RY )h);
we have
E!(X; fY )º = X(f(RY )º)¡ f(X(logp!))(RY )º
= (Xf)((RY )º) + fX((RY )º)¡ f(X(logp!))(RY )º
= (Xf)((RY )º) + fE!(X;Y )º
and E!(fX; Y ) = fE!(X;Y ), from which we see that E! is a left-sided F -
linear map associated with ¡(!). 2
Using the proposition above we can state the following:
De¯nition 2.8. Let ¡(!) be an !-conformal general connection of (M; g)
and º 2 FM . The tensor H!º of type (0; 2) de¯ned by
H!º (X;Y ) = E
!(X;Y )º ¡ (rXY )º (X;Y 2 VM)
is called the quasi-Hessian tensor with respect to ¡(!) of º. We say H!º is
proportional to g, if H!º is symmetric and H
!
º = ¹g for some ¹ 2 FM .
The following is a standard formulation of the quasi-Hessian tensor:
Lemma 2.9.
H!º (X;Y ) = g(rXS(grad º); RY )¡ (X(log
p
!))g(grad º;RY );
where S denotes the inverse endomorphism of R.
Proof. Since ¡(!) is metrical with respect to g, we obtain
H!º (X;Y ) = X((RY )º)¡ (X(log
p
!))(RY )º ¡ (rXY )º
= Xg(R(S(grad º)); RY )¡ (rXY )º ¡ (X(log
p
!))(RY )º
= g(rXS(grad º); RY )¡ (X(log
p
!))(RY )º;
which yields the formula of Lemma 2.9. 2
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x3. Isometric decompositions of space-times
First we shall prepare the de¯nition of space-times. Throughout the paper
below, we denote by (M; g) a Lorentzian manifold together with Lorentzian
metric g of signature (+; ¢ ¢ ¢;+;¡). A nonzero vector v 2 TpM is said to be
timelike (resp., null, spacelike) if g(v; v) < 0 (resp., = 0, > 0). A tangent
vector ¯eld V on M is said to be timelike if g(Vp; Vp) < 0 for every point p of
M . If (M; g) does admit a globally de¯ned timelike vector ¯eld V , then we say
that (M; g) is time-oriented by V . A time-oriented, noncompact, Lorentzian
manifold is called a space-time. More precisely,
De¯nition 3.1. A space-time is a noncompact, connected, smooth Haus-
dor® manifold of dimension ¸ 2 which has a countable basis, a Lorentzian
metric of signature (+; ¢ ¢ ¢;+;¡) and a time orientation.
De¯nition 3.2. © 2 FM is called a time function if the gradient vector ¯eld
grad© of © is timelike everywhere. If (M; g) admits a time function ©, then
(M; g) becomes a space-time by grad©. In this case, we say (M; g) is a space-
time admitting a time function ©. Moreover, ¯ := (¡g(grad©; grad©))¡1=2 is
called the lapse function of ©.
Remark 3.3. We make no assumptions about the causal topology [5], ex-
cept requiring that (M; g) has a time function [4].
Let (M; g) be an (n+1)-dimensional space-time admitting a time function
©. Since (M; g) has a foliated structure by level hypersurfaces of ©, we can
describe the following
De¯nition 3.4. Let R be a regular endomorphism on TM . the assignment:
p 2M ! R(ker(D©)p) ½ TpM
de¯nes an n-dimensional distribution on M . This is called the R©-disribution
on (M; g).
Now we prove the following theorem with respect to locally isometric de-
compositions of space-times.
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Theorem 3.5. Let (M; g) be an (n + 1)-dimensional space-time admitting
a time function ©, ¡(!) = (R;r) an !-conformal general connection of (M; g)
and S the inverse endomorphism of R. Suppose the S©-distribution is involu-
tive and assume the quasi-Hessian H!© of © is proportional to g. Then (M; g)
is locally isometric to the following:
ds2 = ¡dt2 + (!¯)¡2du2;
where du2 is a certain n-dimensional Riemannian metric and ¯ is the lapse
function of ©.
Proof. Let p 2M . Since the S©-distribution on (M; g) is involutive, we can
choose a coordinate neighborhood (U ; y1; ¢ ¢ ¢; yn+1) at p such that y1; ¢ ¢ ¢; yn
are local coordinates in the leaf of S©-foliation through p. 2
Lemma 3.6.
@
@yi
g(S(grad©); S(grad©)) = 0; 1 · i · n:
Proof. Using the covariant derivative with respect to ¡(!) and Lemma 2.9,
we have
@
@yi
g(S(grad©); S(grad©)) =
@
@yi
(!¡1g(grad©; grad©))(3.1)
= ¡!¡2 @!
@yi
g(grad©; grad©) + 2!¡1g(r@=@yiS(grad©); grad©)
= 2!¡1fg(r@=@yiS(grad©); grad©)¡ 2¡1!¡1
@!
@yi
g(grad©; grad©)g
= 2!¡1H!©(
@
@yi
; S(grad©)):
Let (u1; ¢ ¢ ¢; un) be a suitable local coordinate system at p in ©-level hyper-
surface. Then we obtain
g(S(
@
@ui
); S(grad©)) = 0;
and spanf @
@y1
; ¢ ¢ ¢ ; @
@yn
g = spanfS( @
@u1
); ¢ ¢ ¢ ; S( @
@un
)g:
Thus, from the assumption of H!©, we obtain
(3:2) H!©(
@
@yi
; S(grad©)) = 0; 1 · i · n:
From (3:1) and (3:2), we obtain the formula of Lemma 3.6. 2
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Using Lemma 3.6, we have a coordinate neighborhood (W ; y1; ¢ ¢ ¢; yn; t) at
p such that
g(
@
@t
;
@
@t
) = ¡1 and g( @
@yi
;
@
@t
) = 0:
Then (y1; ¢ ¢ ¢; yn; t) is a geodesically parallel coordinate system at p in the
sense of the Levi-Civita connection. Let ® and F ij (i; j = 1; ¢ ¢ ¢; n) be smooth
functions on W such that
S(grad©) = ®
@
@t
and
@
@yj
= F ijS(
@
@ui
):
Now remark that ® is a nonzero-valued function depending only on t in
(W ; y1; ¢ ¢ ¢; yn; t) (See Lemma 3.6). We argue on (W ; y1; ¢ ¢ ¢; yn; t) in the
proof below:
Lemma 3.7. Let hij := g( @@yi ;
@
@yj
) and Zj := F ij
@
@ui
( i; j = 1; ¢ ¢ ¢ ; n ). Then
@
@tg(Zi; Zj) = 2®
¡1¹hij , where H!© = ¹g.
Proof. By Lemma 2.9, we have
H!©(
@
@yi
;
@
@yj
) = H!©(
@
@yi
; SZj)
= g(r@=@yiS(grad©); Zj)¡ 2¡1!¡1
@!
@yi
g(grad©; Zj);
furthermore, using g(grad©, Zj) = 0 and the assumption of H!©, we see
¹hij = g(r@=@yiS(grad©); Zj)(3.3)
= ®g(r@=@yi
@
@t
; Zj):
(3:4)
@
@t
g(Zi; Zj)=g(r@=@t
@
@yi
; Zj) + g(Zi;r@=@t
@
@yj
):
(3:4), we obtain
@
@t
g(Zi; Zj) = ®¡1¹(hij + hji) = 2®¡1¹hij :
2
Lemma 3.8.
¹ = !
@®
@t
:
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Proof. Now we can easily obtain
0 =
@
@t
g(
@
@t
;
@
@t
) =
@
@t
(!¡1g(R(
@
@t
); R(
@
@t
)))
= !¡1
@!
@t
+ 2!¡1g(r@=@t
@
@t
; ®¡1 grad©);
from which, we have
(3:5) g(r@=@t@=@t; grad©) = ¡2¡1®
@!
@t
:
Thus using grad© = ®R( @@t) and (3:5), we obtain
¡¹ = H!©(
@
@t
;
@
@t
)
= g(r@=@tS(grad©); R(
@
@t
))¡ 2¡1!¡1@!
@t
g(grad©; R(
@
@t
)
=
@®
@t
g(R(
@
@t
); R(
@
@t
))
+ ®g(r@=@t
@
@t
;R(
@
@t
))¡ 2¡1!¡1@!
@t
g(grad©; ®¡1 grad©)
= ¡!@®
@t
+ g(r@=@t
@
@t
; grad©)¡ 2¡1!¡1@!
@t
®¡1(¡®2!)
= ¡!@®
@t
;
hence, we get the formula of Lemma 3.8. 2
Applying the lemma above, let us prove Theorem 3.5: From Lemma 3.7
and Lemma 3.8, we have
(3:6)
@
@t
g(R(
@
@yi
); R(
@
@yj
)) = 2!®¡1
@®
@t
hij :
Using g(R( @
@yi
); R( @
@yj
)) = !hij and (3:6), we obtain @@t(!®
¡2hij) = 0: Conse-
quently we see that du2 := !®¡2hijdyidyj becomes an n-dimensional Rieman-
nian metric on the leaf of S©-foliation through p in W . Then we can express
the Lorentzian metric g on M as follows :
ds2 = ¡dt2 + hijdyidyj = ¡dt2 + !¡1®2du2:
Moreover, since ®2 = ¡!¡1g(grad©; grad©) = !¡1¯¡2, we have
ds2 = ¡dt2 + (!¯)¡2du2:
Thus we complete the proof of Theorem 3.5 because our argument holds for
each point p of M .
By applying a theory of complementary orthogonal foliations to the
Lorentzian locally twisted product structure in Theorem 3.5, we shall establish
the following globally isometric decomposition theorem:
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Theorem 3.9. Let (M; g) be as in Theorem 3.5. Under the assumptions of
Theorem 3.5, furthermore, suppose that (M; g) is simply connected and every
timelike geodesic is complete in the sense of the Levi-Civita connection. Then
(M; g) is globally isometric to the Lorentzian twisted product L£´ H de¯ned
by
(L£H;¡dt2 + ´du2) and ´ = (!¯)¡2;
where L := (¡1;+1) is given the negative de¯nite metric ¡dt2 and (H; du2)
is a certain n-dimensional Riemannian manifold.
Proof. Let F1 and F2 be foliations on M given by S(grad©) and the S©
-foliation, respectively. From the proof of Theorem 3.5, the leaves of F1 are
complete timelike geodesics and F2 is a totally umblic foliation, respectively.
Let P (F1) be [fP (L1);L1 is a leaf of F1g, where P (L1) denotes a linear frame
bundle over L1. Then P (F1) is a principal bundle overM with structure group
GL(1;R) and by ¼ we denote its projection map. Then we have a foliation
F ¤1 on P (F1) de¯ned by (F ¤1 )u := (D¼)¡1((F1)¼(u)) for every u 2 P (F1): Let
P ¤ be the reduced bundle of P (F1) obtained by taking normal frames of the
leaves of F1, noticing that each leaf of F1 is a complete timelike geodesic in the
sense of Levi-Civita connection. As we use the technique of R.A.Blumenthal
and J.J.Hebda, we ¯rst prepare some concepts with respect to the theory of
foliations described in [6], [7] and [9]. Throughout this section, a vertical
(resp., horizontal) curve onM means a piecewise smooth curve whose tangent
vector ¯eld lies in F1 (resp., F2). A tangent vector ¯eld X on M is said to
be vertical (resp., horizontal) if X lies in F1 (resp., F2). Hereafter by L1(p)
(resp., L2(p)) we denote the leaf of F1 (resp., F2) through a point p of M . 2
De¯nition 3.10([6][9]). For a horizontal curve c: [0; 1] ! M there exists a
family of di®eomorphisms ¾t:U0 ! Ut (0 · t · 1) such that
(a) Ut is a neighborhood of c(t) in L1(c(t)) for each t,
(b) ¾t(c(0)) = c(t),
(c) the curve t ! ¾t(q) (¾0(q) = q) for each q 2 U0 is a horizontal curve,
and
(d) ¾0 is the identity map of U0.
This family of di®eomorphisms ¾t is said to be an element of holonomy along
a horizontal curve c.
De¯nition 3.11([6][7]). A rectangle is a piecewise smooth map ±: [0; 1] £
[0; 1]!M such that for each ¯xed t0 2 [0; 1] the curve ±(t0; s) is vertical and
for each ¯xed s0 2 [0; 1] the curve ±(t; s0) horizontal. The curves ±(0; s) and
±(1; s) (±(t; 0) and ±(t; 1)) are called the initial vertical (horizontal) edge and
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the terminal vertical (horizontal) edge, respectively. In general, a complemen-
tary distribution D to a foliation F on a di®erentiable manifold is called an
Ehresmann connection for F if, for each vertical curve c1 and horizontal curve
c2 with the same starting point, there exists a rectangle whose initial edges
are c1 and c2.
De¯nition 3.12([7]). Let dimF ¤1 = m. A complete parallelism for F ¤1 is
a family fVi; 1 · i · mg of complete vector ¯elds on P ¤ that are linearly
independent and tangent to F ¤1 everywhere.
Lemma 3.13. A natural lift of F2 can be de¯ned as a complementary dis-
tribution D¤ to F ¤1 on P ¤ .
Proof. First we see that the elements of holonomy along horizontal curves
on M are local isometries. In fact, since the leaves of F1 can be considered
as complete timelike normal geodesics, for a horizontal vector ¯eld Z parallel
along the leaves of F1, we have
(LZg)( _c(t); _c(t)) = 0:
where D and LZ denote the Levi-Civita connection and the Lie derivative rel-
ative to Z respectively and _c(t) is the velocity vector ¯eld of a timelike normal
geodesic c(t), a leaf of F1. Next we note that there exists a complementary
distribution D¤ to F ¤1 on P (F1) as follows: Let u0 2 P (F1) and p0 2 ¼(u0).
We now choose a neighborhood U at p0 in M and a horizontal vector ¯eld Y
in U which is parallel along the leaves of F1 in the sense of the Levi-Civita
connection. Since the local 1-parameter group ½t of transformations generated
by Y sends the leaves of F1 to the leaves of F1, D½t is a local 1-parameter
group of transformations in a certain neighborhood of u0. Let Y ¤ be the vector
¯eld on P (F1) induced by D½t and we de¯ne D¤(u0) := fY ¤;Y is a horizontal
vector ¯eld on a neighborhood of p0 and is parallel along the leaves of F1g.
From this construction we have (D¼)Y ¤ = Y . Thus D¤ is a complementary
distribution to F ¤1 on P (F1). Furthermore, we note that a complete parallelism
fV1; ¢ ¢ ¢; Vmg for F ¤1 is preserved by D¤, that is, each Vi is invariant under the
elements of holonomy along D¤ -curves, since the elements of holonomy along
horizontal curves onM are local isometries. Therefore D¤ is a complementary
distribution to F ¤1 on P ¤. Thus we complete the proof of the lemma 3.13. 2
Moreover the following lemmata can be proved as in [7][9]:
Lemma 3.14([7]). If D¤ preserves a complete parallelism for F ¤1 , then D¤
is an Ehresmann connection for F ¤1 , and furthermore, F2 is an Ehresmann
connection for F1.
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Lemma 3.15([9]). If F2 is an Ehresmann connection for F1, then for each
leaf L1 of F1 and each leaf L2 of F2, there exists a di®eomorphism: ~L1(p) £
~L2(p)! ~M(p); where ~M(p) (resp., ~L1(p); ~L2(p)) denote the universal covering
manifold of M (resp., L1; L2) ident¯ed with the set of all homotopy classes of
curves in M (resp., L1; L2) starting at p (p 2 L1 \ L2).
From Lemma 3.13, Lemma 3.14 and Lemma 3.15, we have a covering map
¦:L1(p) £ L2(p) ! M , since M is simply connected. On the other hand,
from the proof of Theorem 3.5, we see that (M; g) is locally isometric to
¡dt2+(!¯)¡2du2: Hence, ¦ is a globally isometric map such that (M; g) is
isometric to the Lorentzian twisted product (L1(p)£L2(p);¡dt2+(!¯)¡2du2).
Since each leaf of F1 is considered as a complete (timelike) normal geodesic
and L1(p) is simply connected, we may put L1(p) and L2(p) as L = (¡1;+1)
and H, respectively, thus we obtain the assertion of Theorem 3.9.
x4. Null geodesically incomplete theorems
Let M¤ = L£Ã H be a Lorentzian warped product equipped with Lorentzian
metric g¤ = ¡dt2 + Ãh, where L = (¡1;+1) and (H;h) is an arbitrary
Riemannian manifold. All nonspacelike (i.e., timelike or null) tangent vectors
of M¤ are divided into two separate classes, called future and past directed,
by the timelike vector ¯eld @=@t.
De¯nition 4.1. A nonspacelike tangent vector v 2 TpM¤ is said to be future
(resp., past) directed if g((@=@t)(p); v) < 0 (resp., g((@=@t)(p); v) > 0). A
smooth curve is said to be timelike (resp., null, spacelike) if its tangent vector
is always timelike (resp., null, spacelike).
In the following we recall the notion of geodesics with respect to general
connections (Otsuki [19]):
De¯nition 4.2. Let N be a di®erentiable manifold and ¡ = (P;r) a reg-
ular general connection of N . A smooth (regular) curve c: (a; b) ! N with
parameter t is said to be a ¡-geodesic if r _c(t) = °(t)P ( _c(t)); where _c(t) is
the velocity vector ¯eld of c(t) and ° is a suitable smooth function along c.
The parameter s of c such that rc0(s) = 0 is called an a±ne parameter of c,
where c0(s) denotes the velocity vector ¯eld of c(s). A ¡-geodesic c with a±ne
parameter s is said to be complete if c can be de¯ned for ¡1 < s < +1.
Proposition 4.3. Let (M; g) be a space-time given an !-conformal general
connection ¡(!) = (R;r). Then null ¡(!)-geodesics can be de¯ned.
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Proof. Let c be ¡(!)-geodesic with a±ne parameter s. Then we have
d
ds
g(R(c0(s)); R(c0(s))) = 2g(rc0(s); R(c0(s))) = 0:
Let now g(c0(s0); c0(s0)) = 0 for some value s0. Since
g(R(c0(s0); R(c0(s0))) = !(s0)g(c0(s0); c0(s0));
g(R(c0(s)); R(c0(s))) = 0 along c. This implies g(c0(s); c0(s)) = 0, since ! is
positive-valued. Thus c is null for all values of its a±ne parameter if c is null
for some value of its a±ne parameter, hence we obtain the assertion. 2
De¯nition 4.4. A future-directed ¡-geodesic in M¤ is said to be future-
incomplete (resp., past-incomplete) if it can not be extended to arbitrarily
large positive (resp., negative) values of an a±ne parameter.
We now prove the following criterion for null ¡(!)-geodesic incompleteness
of M¤ equipped with an !-conformal general connection ¡(!). Throughout
the rest of this section, let ¿ be an interior point of (¡1;+1).
Theorem 4.5. Let M¤ be given an !-conformal general connection ¡(!) =
(R;r) such that R is symmetric with respect to g¤. Assume that both TL
and TH are R-invariant and ! depends only on L. If
lim
µ!¡1
Z ¿
µ
p
Ã!dt
is ¯nite, then every future-directed null ¡(!)-geodesic in M¤ is past-
incomplete. Similarly, if
lim
µ!+1
Z µ
¿
p
Ã!dt
is ¯nite, then every future-directed null ¡(!)-geodesic in M¤ is future-
incomplete.
Proof. Let ¾ be a future-directed null ¡(!)-geodesic and we may put as
follows:
¾(t) = (t; c(t)) 2 L£H; _¾(t) = @
@t
+ _c(t);
and g(
@
@t
;
@
@t
) = ¡1:
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Using the formula of Theorem 1.6 (x2) and g(R( _c(t)); R( _c(t))) =
!g( _c(t); _c(t)) = !, we have
(4:1) r _¾(t) = r1@=@t
@
@t
+r2 _c(t) + @ logÃ
@t
R( _c(t))¡ 2¡1!S(grad(logÃ));
(4:2) r _c(t) = r2 _c(t)¡ 2¡1!S(grad(logÃ));
where S denotes the inverse endomorphism of R.
On the other hand, since ¾ is ¡(!)-geodesic, there exists a smooth function
³ along ¾ such that
(4:3) r _¾(t) = ³R( _¾(t)) = ³R( @
@t
) + ³R( _c(t)):
Noticing that R is symmetric with respect to g¤, we have
(4:4) R = !S:
Thus from (4:1)-(4:4), we obtain
(4:5) r1@=@t
@
@t
¡ 2¡1R(grad(logÃ)) = ³R( @
@t
);
and r2 _c(t) + @ logÃ
@t
R( _c(t)) = ³R( _c(t)):
Now we also obtain
(4:6) g(r@=@t
@
@t
;R(
@
@t
)) = ¡2¡1@!
@t
;
since
g(R(
@
@t
); R(
@
@t
)) = ¡!:
And also we have
(4:7) grad(logÃ) = ¡Ã¡1@Ã
@t
@
@t
;
because Ã depends only on (L;¡dt2). Thus using (4:5) and (4:6), we obtain
¡³! = g(³R( @
@t
); R(
@
@t
))
= g(r1@=@t
@
@t
;R(
@
@t
))¡ 2¡1g(R(grad(logÃ)); R( @
@t
))
= ¡2¡1@!
@t
¡ 2¡1!g(grad(logÃ); @
@t
):
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From this and (4:7), it follows that
(4:8) ³ = 2¡1
@ log(!Ã)
@t
:
Let s be the following integral:
s :=
Z ¿
t
p
!Ãdt:
Noticing that ! and Ã are positive-valued smooth functions, which depends
only on t, we can easily obtain
(4:9)
d2t
dt ds
= ¡³ dt
ds
:
On the other hand, a direct calculation implies
(4:10) r¾0¾0(s) = dt
ds
(
d2t
dt ds
+ ³
dt
ds
)R( _¾(s));
where ¾0(s) denotes the velocity vector ¯eld of ¾(s).
From (4:9) and (4:10), we see that s is an a±ne parameter of ¾, conse-
quently, if limt!¡1 s(t) is ¯nite, then ¾ is past-incomplete. This completes
the proof of the ¯rst assertion. Similarly it is easy to see that the second
assertion is also valid. 2
Remark 4.6. J.K.Beem, P.E.Ehrlich and T.G.Powell have obtained the cri-
terion for null geodesic incompleteness of M¤ in the case of the Levi-Civita
connection (Theorem 2:57; [5]).
As applications of Theorem 4.5, we states null ¡(!)-geodesic incompleteness
theorems relative to space-times admitting time functions. The following is
an immediate consequence of Theorem 3.9 and Theorem 4.5.
Theorem 4.7. Let (M; g) be a simply connected space-time admitting a
time function © of dimension (n + 1) and ¡(!) = (R;r) an !-conformal
general connection of (M; g). Now suppose that (a) the quasi-Hessian tensor
H!© of © is proportional to g, (b) the S©-distribution is involutive, where
S denotes the inverse endomorphism of R and (c) every timelike geodesic in
(M; g) is complete in the sense of the Levi-Civita connection.
Under (M; g) isometrically decomposed as the Lorentzian twisted product
(L £H;¡dt2 + (!¯)¡2du2) in Theorem 3.9, assume that (d) TL and TH be
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R-invariant, (e) ! and ¯ depend only on L and (f) R is symmetric with respect
to g, i.e. g(RX;Y ) = g(X;RY )(X;Y 2 VM). If
lim
µ!¡1
Z ¿
µ
!¡1=2¯¡1dt (resp., lim
µ!+1
Z µ
¿
!¡1=2¯¡1dt)
is ¯nite, then every future-directed null ¡(!)-geodesic is past incomplete (resp.,
future incomplete).
In particular, we have the following theorem if the principal endomorphism
is a scalar-multiple of identity endomorphism:
Theorem 4.8. Let (M; g) be an (n+1)-dimensional, simply connected space-
time admitting a time function © and (R;r) an !-conformal general connec-
tion such that R = ¸I and ! = ¸2, where ¸ 2 FM is positive-valued and I
denotes the identity endomorphism of TM . Suppose H!© is proportional to
g and every timelike geodesic in (M; g) is complete in the sense of the Levi-
Civita connection. Then (M; g) is globally isometric to the Lorentzian warped
product (L£H;¡dt2 + ¸¡4¯¡2du2); and if
lim
µ!¡1
Z ¿
µ
¸¡1
¯¯¯¯
@©
@t
¯¯¯¯
dt (resp., lim
µ!+1
Z µ
¿
¸¡1
¯¯¯¯
@©
@t
¯¯¯¯
dt)
is ¯nite, then every future-directed null ¡(!)-geodesic is past incomplete (resp.,
future incomplete).
Proof. Let H© denote the quasi-Hessian tensor of © with respect to ¡(!) =
(R;r), R = ¸I, ! = ¸2. Using Lemma 2.9 (x2.), we have for every X;Y 2
VM ,
H©(X;Y ) = g(rX(¸¡1 grad©); ¸Y )¡ (X(log ¸))g(grad©; ¸Y )
= Xg(grad©; ¸Y )¡ g(grad©;rXY )¡ (X¸)(Y ©)
= X(¸(Y ©))¡ (X¸)(Y ©)¡ (rXY )©
= ¸X(Y ©)¡ (rXY )©;
while rXY ¡rYX = ¸[X;Y ], therefore H© is symmetric. Now let S be the
inverse endomorphism of R. Then it is easy to verify that S©-distribution is
involutive. Thus, from Theorem 3.9 (and also the proof of Theorem 3.5), it
turns out that (M; g) is globally isometric to the Lorentzian warped product
(¡1;+1) £ H with the metric ¡dt2 + ¸¡4¯¡2du2. In fact, from the proof
of Theorem 3.5, we see that © and ¸ depend only on t 2 (¡1;+1), hence,
¸¡4¯¡2 is a warping function. Noticing that (d) and (e) in Theorem 4.7 are
clearly satis¯ed and grad© = ¡@©@t @=@t, from Theorem 4.7, we also obtain the
last assertion. 2
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